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ABSTRACT
We study local stability of the advection-dominated optically thick (slim) and optically
thin discs with purely toroidal magnetic field and the radial viscous force using a linear
perturbation analysis. Our dispersion relation indicates that the presence of magnetic
fields and radial viscous force cannot give rise to any new mode of the instability. We
find, however, that growth rate of the thermal mode in the slim discs and that of
the acoustic modes in the slim and optically thin discs are dramatically affected by
the radial viscous force. This force tends to strongly decrease the growth rate of the
outward-propagating acoustic mode (O-mode) at the short-wavelength limit, but it
causes a slim disc to become thermally more unstable. We find that growth rate of the
thermal mode increases in the presence of radial viscous force. This enhancement is
more significant when the viscosity parameter is large. We also show that growth rate
of the O-mode reduces when radial viscous force is considered. The growth rates of the
thermal and acoustic modes depend on the magnetic field. Although the instability of
O-mode for a stronger magnetic field case has a higher growth rate, the thermal mode
of the slim discs can be suppressed when the magnetic field is strong. The inertial-
acoustic instability of a magnetized disc may explain the quasi-periodic oscillations
(QPOs) from the black holes.
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1 INTRODUCTION
Several galactic and extra galactic radiation sources are be-
lieved to be powered by an accretion disc orbiting a very
compact object like a black hole (BH) or a neutron star
(Shields et al. 2000; Kondratko et al. 2005; Desroches et
al. 2009; Yuan et al. 2010). Depending on the accretion rate
and the radiative efficiency, different theoretical models have
been proposed over recent decades to explain observational
features of these complex systems (e.g., see Yuan et al. 2002;
Kato et al. 2008; Straub et al. 2011). While the standard ac-
cretion disc model (Shakura & Sunyaev 1973; Pringle 1981)
is a convenient model for describing accretion flows around
some of these objects, there are significant observational and
theoretical arguments that some of the accretion flows are
not radiatively efficient (e.g., Narayan & Yi 1994; Quataert
2001; Chiaberge & Macchetto 2006; Ho 2009). It was a good
incentive for astronomers to construct models for radiatively
inefficient accretion flows (RIAFs) which subsequent stud-
ies have shown that these models are successful to explain
certain observational features of some accreting systems.
⋆ E-mail: smghoreyshi64@gmail.com
The advection-dominated accretion flows (ADAFs; Ichimaru
1977, Narayan & Yi 1994) and slim discs (Abramowicz et al.
1988) are the most widely studied models in this context (for
a review, see, e. g., Kato et al. 2008). RIAFs are successful in
explaining the spectral transitions of X-ray binaries (Godet
et al. 2012), X-ray emission in FR I radio galaxy (Wu et al.
2007), ultraluminous compact X-ray sources (Watarai et al.
2001; Chen & Wang 2004; Vierdayanti et al. 2006; Soria et
al. 2015), strong soft X-ray emission and time variability of
narrow-line Seyfert 1 galaxies (Mineshige et al. 2000; Wang
& Netzer 2003; Chen & Wang 2004).
Instabilities in the accretion discs are believed to be re-
sponsible for some observational features such as variabilities
in the active galactic nuclei (AGNs) and the X-ray binaries
(Janiuk & Czerny 2011; Dexter and Quataert 2012; Jiang et
al. 2013; Wu et al. 2016), and the periodic X-ray variability
of the Seyfert galaxies (Choi et al. 2002; Czerny et al. 2003;
Kawaguchi 2003). The QPOs in BH discs are attributed
to the viscous-thermal instability and the inertial-acoustic
(pulsational) instability (e.g., Chen & Taam 1994, 1995;
Taam 1999; Dubus et al. 2001; Fan et al. 2008; Grzedzielski
et al. 2015). Although various types of the disc instabilities
have been studied by many authors (e.g., Abramowicz et al.
c© 2017 The Authors
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1984; Wu et al. 1995a, b, c; Ding et al. 2000; Khosravi &
Khesali 2014, hereafter KK14), we briefly review the previ-
ous works related to the present study.
Thermal instability (TI) has been proposed to account
for the dwarf novae burst phenomena (Osaki 1974). TI re-
lated to dwarf novae outburst was found by Ho¯shi (1979) and
Meyer & Meyer-Hofmeister (1981). This instability in the
discs around BHs or neutron stars is a promising mechanism
to explain observed variabilities of X-ray binaries, galac-
tic nuclei, and quasars (Shibazaki & Ho¯shi 1975; Shakura
& Sanyave 1976; Kakubari et al. 1989; Huang & Wheeler
1989; Choi et al. 2002; Grzedzielski et al. 2015). Radiation-
dominated inner region of a standard accretion disc is sub-
ject to TI and viscous instability (Lightman & Eardley 1974;
Shakura & Sanyave 1976; Piran 1978; Blumentahal et al.
1984; Wu et al. 1995b; Wu & Li 1996, hereafter WL96;
Dubus et al. 2001; Kawanaka & Kohri 2012; Khesali &
Khosravi 2013, hereafter KK13; Jiang et al. 2013; Tessema
2014; Yu et al. 2015). A gas-pressure-dominated disc, how-
ever, is thermally and viscously stable (Wu et al. 1995a).
These instabilities can be suppressed by the advective cool-
ing (KK13) and the effects associated with magnetic fields
(Begelman & Pringle 2007; Tessema 2014; Sa¸dowski 2016).
The pulsational instability can be excited in a viscous
disc (Kato 1978; Blumenthal et al. 1984; Wu et al. 1995c).
Physical ingredients like polytropic index (Cao & Zhang
1994), advective cooling (Ding et al. 2000), and magnetic
fields (Yang et al. 1995a; Zhou 2013) are able to affect
growth rate of this instability. Inclusion of the advective
cooling, for instance, bifurcates the acoustic mode into an
outward-propagating acoustic mode (hereafter O-mode) and
an inward-propagating acoustic mode (hereafter I-mode).
Departure of these two modes becomes more significant as
the advective cooling dominates over radiative cooling (Wu
1997; Ding et al. 2000). Yang et al. (1995a) also showed
that properties of the acoustic modes in the outer region of
a magnetized, isothermal thin disc depend on the propaga-
tion direction and the ratio of the radial to the azimuthal
components of the magnetic field.
Properties of the thermal mode in ADAFs and the slim
discs depend on the disc optically depth, the wavelength of
perturbation, the accretion rate (Narayan & Yi 1995; WL96;
Kato et al. 1996, 1997; Fujimoto and Arai 1998), heat diffu-
sion and magnetic fields (Yamasaki 1997). Although it has
been shown that ADAFs are thermally stable, slim discs are
thermally unstable (Kato et al. 1996; WL96). Properties of
the acoustic modes in a slim disc are dependent on the vis-
cosity parameter, accretion rate and propagation direction
of the perturbations (Wallinder 1995; see also KK13).
Radial viscosity in the ADAFs or slim discs has often
been neglected for simplicity, while this quantity has been
implemented by a few authors under restricted conditions
(e.g., Wu 1997; Ding et al. 2000). Linear stability analysis of
a polytropic disc with the radial viscous force indicates that
disc stability depends strongly on the ratio of the radial to
the azimuthal viscosities (Wu et al. 1994). The radial vis-
cous force has a stabilizing influence on the acoustic modes,
and this effect is more significant in the outer part of a poly-
tropic disc comparing to its inner region (Wu et al. 1994).
Yu et al. (1994) and Yang et al. (1995b) also investigated the
effect of radial viscous force on the stability of an isother-
mal magnetized accretion disc. They showed that the radial
component of the viscous force does not give rise to any new
unstable mode and damps the radial oscillations. Although
the radial viscous force in a non-isothermal disc stabilizes
the acoustic modes, it does not modify the thermal and the
viscous modes (Chen & Taam 1993). In this context, role
of advection has also been studied by WL96 and KK13. Al-
though they considered the radial viscous force in their basic
equations, they did not explore physical consequences of this
force. A hot two-temperature ADAF with the radial viscous
force and thermal diffusion is viscously and thermally stable
(Wu 1997). But such a disc can be thermally unstable sub-
ject to the azimuthal perturbations (Ding et al. 2000). Note
that the influences of the radial viscous force on the stability
of ADAFs were not discussed by Wu (1997) and Ding et al.
(2000).
To best of our knowledge, the influence of the radial vis-
cosity on the stability of a magnetized advection-dominated
disc has not yet been explored in detail. Our goal is to ex-
amine stability of the advection-dominated discs and investi-
gate properties of the excited modes when the toroidal com-
ponent of a magnetic field and radial viscous force are con-
sidered simultaneously. In section 2, we present basic equa-
tions and the associated linearized forms to obtain a general
dispersion relation. We then explore stability properties of
the excited modes in section 3. We conclude by a summary
of our results and possible astrophysical implications in the
final section.
2 GENERAL FORMULATION
In this section, we present basic equations and their lin-
earized forms to obtain a general dispersion relation which
enable us to explore properties of the excited modes.
2.1 Basic Equations
We begin by writing the basic equations for a magnetized
disc under certain simplifying assumptions. A cylindrical co-
ordinate system (r, φ, z) is adopted that centered on the cen-
tral object. We assume that the disc is axisymmetric (i.e.,
∂/∂φ = 0) and non-self-gravitating. The toroidal compo-
nent of the magnetic field is assumed to be dominant and
the effects of magnetic diffusivity are neglected. The pseudo-
Newtonian potential Ψ is used to describe the gravitational
field of the central object (Paczyn´ski & Wiita 1980), i.e.,
Ψ = GM/(R − rg),
where M is the mass of central BH. Here, the distance from
the central object is denoted by R = (r2 + z2)1/2 and the
Schwarzschild radius is rg = 2GM/c
2. The vertical inte-
grated equations, therefore, are written as (e.g., Kato et al.
2008):
∂Σ
∂t
+
1
r
∂
∂r
(rΣVr) = 0, (1)
Σ
∂Vr
∂t
+ ΣVr
∂Vr
∂r
− Σ(Ω2 − Ω2K)r =
−2 ∂
∂r
[H(P +
Bφ
2
8π
)] + Fν − HBφ
2
2πr
, (2)
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Σr3
∂Ω
∂t
+ ΣrVr
∂
∂r
(r2Ω) =
∂
∂r
(Σνr3
∂Ω
∂r
), (3)
∂E
∂t
− (E +Π) ∂
∂t
(lnΣ) + Π
∂
∂t
(lnH)
+Q−adv = Q
+
vis +Q
+
visr
−Q−rad +Qt, (4)
∂Bφ
∂t
+
∂
∂r
(VrBφ) = 0, (5)
where Σ, Vr, Bφ, Ω and T are the surface density, radial
velocity, the toroidal component of the magnetic field, an-
gular velocity and temperature, respectively. The pressure P
is defined as P = ρcs
2 = Pgas+Prad, where the gas pressure
is Pgas = ℜρT , and the radiation pressure is Prad = 13aT 4.
Here, the volume density, the sound speed, the gas constant,
and the radiation constant are denoted by ρ, cs, ℜ and a,
respectively. Assuming that the disc is in hydrostatic equi-
librium in the vertical direction implies that H = cs/ΩK,
where H is disc thickness and ΩK denotes Keplerian angu-
lar velocity at the equatorial plane, i.e. ΩK = (
1
r
∂Ψ
∂r
)1/2|z=0.
Contribution of the magnetic pressure to the disc thickness
is not included because we are considering the weak field
cases. We define the total pressure Ptot as sum of the pres-
sure P and the magnetic pressure Pmag = Bφ
2/8π. Further-
more, Fν is the radial viscous force. The turbulent viscosity
ν associated with the azimuthal direction is defined as αcsH
(Shakura & Sunyaev 1973).
In the energy equation (4), the quantities Q−adv, Q
+
vis,
Q+visr , Q
−
rad and Qt are the advection cooling, viscous
heating, local viscous dissipation rate associated with stress
in the radial direction, radiation cooling and thermal diffu-
sion, respectively. Although Radial viscosity has been con-
sidered by WL96, Wu (1997), Ding et al. (2000), KK13 and
KK14, the radial viscous heating Q+visr was neglected by
them. The vertical integrated pressure is Π = 2HPtot and
the internal energy E is written as
E = [β/(γ − 1) + 3(1− β − βm)]Π,
where β = Pgas/Ptot, and βm = Pmag/Ptot. Since the ratio of
the advective cooling to the viscous heating is proportional
to the square of the ratio of the disc half-thickness to the
radius, H/r, the advective energy transport in an advection-
dominated disc can dominates over radiative cooling. We
can, therefore, safely neglect Q−rad in our model. According
to the definition of Qt, Q
−
adv, and Q
+
vis, equation (4) is
re-written as (see Kato et al. 2008),
∂E
∂t
− (E +Π) ∂
∂t
(lnΣ) + Π
∂
∂t
(lnH)
+Vr[
∂E
∂r
− (E +Π) ∂
∂r
(lnΣ) + Π
∂
∂r
(lnH)]
= νΣ(r
∂Ω
∂r
)2 +Q+visr +∇ · (K∇T ), (6)
where K is the vertical integrated thermal conductivity. The
vertical integrated thermal conductivity is written as K =
αfΩKH
3Ptot/T , where f = 3(8 − 7β)f∗ and f∗ is of the
order of unity (WL96).
2.2 Radial Viscosity
Although the influence of radial viscosity is often neglected
in the geometrically thin accretion discs (e.g., Shakura &
Sunyaev 1976; Abramowicz et al. 1984; Cao & Zhang 1994;
Wu et al. 1995 a, b, c; Chen & Taam 1995; Tessema 2014),
this quantity plays an important role in the inner region of
an accretion disc and in the advection-dominated discs (Wu
1997; Ding et al. 2000; KK13; KK14). Radial component of
the stress tensor cannot be ignored when the radial viscos-
ity is significant. The radial viscous force is (Papaloizou &
Stanley 1986):
Fν =
∂
∂r
[
4
3
νrΣ
r
∂
∂r
(rVr)]− 2Vr
r
∂
∂r
(νrΣ), (7)
where νr is the kinetic viscosity acting in the radial direction
and we assume that νr = ν. One can show that ratio of the
radial viscous force to the pressure gradient is proportional
to the square of H/r. The radial viscous force, therefore,
plays a significant role in ADAFs and slim discs with H/r ≤
1. Next physical quantity that we consider in our analysis is
Q+visr which can be written as (Chen & Taam 1993),
Q+visr = 2νrΣ{(
∂Vr
∂r
)2 + (
Vr
r
)2 − 1
3
[
1
r
∂
∂r
(rVr)]
2}. (8)
2.3 Dispersion Relation
We are now in a position to investigate local stability of
the magnetized ADAFs or slim discs with the radial viscous
force. The local approximation means that the wavelength
of perturbation λ is much smaller than r which can be writ-
ten as kr ≫ 1. Here, k is the wavenumber of perturbations.
So, the local analysis for the advection-dominated discs can
be expressed as λ ≪ H ≤ r. The validity of vertically in-
tegrated equations also requires that kVr < ΩK. Since the
radial velocity Vr is proportional to αcs
2/rΩK (Kato et al.
2008), we then obtain
r
H
>
λ
H
> 2πα
H
r
. (9)
These inequalities are satisfied in the discs with H/r ≤ 1, if
the viscosity parameter α is adopted sufficiently small. We,
thus, assume that α = 0.01 and 0.001. These values, for
instance, are consistent with the estimation of the viscosity
parameter based on the AGNs observations (Siemiginowska
& Czerny 1989).
The equilibrium state of a disc is constructed using ba-
sic equations if we neglect time derivative terms. To obtain
the perturbed equations, we split each variable into unper-
turbed and perturbed components which are indicated with
a subscript 0 and 1, respectively. The radial perturbations
are in the form exp(i(ωt−kr)), where ω is the growth rate of
perturbations. The linearized equations, therefore, are writ-
ten as
σ˜
Σ1
Σ0
− i ǫ
H˜
Vr1
rΩK
= 0, (10)
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−{α2H˜4 + (Ω˜2 − 1) + 1
1 + β
[2iα2ǫH˜3(3β − 1)
+2V˜a
2
(1− β)− iǫV˜a
2
(1− β)
2H˜
− iǫβV˜a
2
H˜(1− βm)
− iǫH˜(1− β) + 2iǫβH˜
1− βm ]}
Σ1
Σ0
+ (σ˜ +
1
3
αH˜2 +
4
3
αǫ2
+
4
3
iαǫH˜)
Vr1
rΩK
− 2Ω˜ Ω1
ΩK
− 4− 3β − 4βm
1 + β
[−2V˜a2
+4iα2ǫH˜3 +
iǫH˜(2− βm)
1− βm −
iǫβmV˜a
2
2H˜(1− βm)
]
T1
T0
+ {3V˜a2 − iǫV˜a
2
2H˜
+
1
1 + β
[−2iǫβmH˜ + 4βmV˜a2
−8iα2ǫβmH˜3 − iǫβmV˜a
2
H˜
+
2iǫββmH˜
1− βm
− iǫββmV˜a
2
H˜(1− βm)
)]}Bφ1
Bφ0
= 0, (11)
{αχ˜
2H˜2
2Ω˜
+
3β − 1
1 + β
[−2αgH˜2 + iαǫgH˜]}Σ1
Σ0
+
χ˜2
2Ω˜
Vr1
rΩk
+ (σ˜ + 2αH˜2 + 3iαǫH˜ + αǫ2)
Ω1
ΩK
+
4− 3β − 4βm
1 + β
[2iαǫgH˜ − 4αgH˜2]T1
T0
+
2βm
1 + β
[2iαǫgH˜ − 4αgH˜2]Bφ1
Bφ0
= 0, (12)
− 1
1 + β
[2σ˜(4− 3β − 3βm) + (αg2 + 4α3H˜4)(3β
−1)]Σ1
Σ0
+ (
αg2q
mH˜
− 4iα2ǫH˜) Vr1
rΩK
+
2iαǫg
H˜
Ω1
ΩK
+{[ 2β(4− 3β − 4βm)
(γ − 1) − β(4− 3γ)
(7− 7β − 8βm)
(γ − 1)
+(4− 3β − 4βm)(7− 6β − 3βm)] σ˜
1 + β
− 2α(g2
+4α2H˜4)
(4− 3β − 4βm)
1 + β
+
1
2
αǫ2f}T1
T0
+
2
1 + β
[σ˜βm
(4− 3β − 3βm)− 2αβmg2 − 8α3βmH˜4]Bφ1
Bφ0
= 0, (13)
−i ǫ
H˜
Vr1
rΩK
+ (σ˜ − αH˜2)Bφ1
Bφ0
= 0, (14)
where σ˜ = σ/Ωk, σ = i(ω −KVr0), ǫ = kH , H˜ = H/r, Ω˜ =
Ω/ΩK, g = χ˜
2/2Ω˜− 2Ω˜, V˜a = Va/rΩK, and χ˜ = χ/ΩK. Fur-
thermore, χ is the epicyclic frequency, i.e., χ = {2Ω0[2Ω0 +
r(∂Ω0/∂r)]}1/2. Here, q is the ratio of the advective energy
to the dissipated viscous energy, Va = Bφ0/
√
4πρ0 is the
Alfve´n velocity and m is the Mach number which is defined
as m = Vr0/cs. Using definitions of Vr0 and cs, the Mach
number becomes m = αH˜ which is dependent on the vis-
cosity parameter. The quantities with a subscript 1 are the
amplitude of the perturbations.
The requirement for the existence of a nontrivial so-
lution for the algebraic equations (10)-(14) (i.e., the deter-
minant of the coefficients vanishes) leads to the following
dispersion relation:
a0σ˜
5 + a1σ˜
4 + a2σ˜
3 + a3σ˜
2 + a4σ˜ + a5 = 0. (15)
This equation can be solved numerically to find unstable
modes. The real part of a root corresponds to growth rate
of the instability, and ν =| Im(σ˜) | ΩK is the corresponding
instability frequency. We, however, note that the imaginary
part corresponds to the propagating properties. The imagi-
nary part of the O-mode is negative, whereas it is positive
for the I-mode. A perturbation grows exponentially when σ˜
is real and positive. If σ˜ is real and negative, the perturba-
tion damps. Note that σ˜ = 0 is also a trivial solution. In the
non-magnetized case, our dispersion relation (15) reduces to
a fourth order polynomial which is in agreement with Chen
& Taam (1993) and WL96. But our dispersion relation (15)
is fifth order with respect to growth rate and the increase
of order is due to consideration of toroidal magnetic field.
When the magnetic fields, the radial viscous force, and the
thermal diffusion are neglected, our dispersion relation re-
duces to the obtained dispersion relation by Fujimoto & Arai
(1998).
3 ANALYSIS OF THE DISPERSION
RELATION
Using dispersion relation (15), we can now explore sta-
bility of ADAFs and slim discs for different sets of the
input parameters. The dispersion relation is analyzed for
βm = 0 (non-magnetized case), 0.1 and 0.15. In all magne-
tized cases, the non-dimensional Alfve´n velocity is ˜Va = 0.1.
The adopted values for H˜ are 0.6 and 0.8. Using equation
(9) with α = 0.001 and H˜ = 0.6, therefore, the range of
λ/H becomes between 0.004 and 1.667. If we set α = 0.01
and H˜ = 0.6, then λ/H varies from 0.04 to 1.667. For
H˜ = 0.8, however, the ratio λ/H is between 0.005 and 1.25
for α = 0.001, and it varies from 0.05 to 1.25 for α = 0.01.
So, one can conclude that Re(σ˜) is proportional to α.
Since the Mach number m depends on the parameters
α and H˜, we obtain
if H˜ = 0.6 ⇒ m =
{
0.006, α = 0.01
0.0006, α = 0.001,
and
if H˜ = 0.8 ⇒ m =
{
0.008, α = 0.01
0.0008, α = 0.001.
For the above values ofm, contribution of the radial velocity
in our model can be safely neglected. Our analysis, therefore,
is applicable only to the outer region of a disc where its ro-
tation profile is Keplerian and we have Ω˜ = χ˜ = 1. Thus,
we obtain g = −3/2. We, however, note that the local ap-
proximation is violated in the inner region with χ˜ = 0 and
m = 1. Although our focus is to explore the influence of the
magnetic fields and the radial viscous force on the disc sta-
bility, we also investigate possible effects of the other input
parameters.
3.1 Stability Analysis of the ADAFs
In ADAFs, the adopted values of β and γ are 1.0 and 5/3,
respectively. Our general dispersion relation in both non-
magnetized and magnetized cases displays four modes of
instability; one thermal mode, one viscous mode, and two
MNRAS 000, 1–?? (2017)
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Figure 1. The viscous mode of an ADAF for α =0.001 and 0.01.
This mode becomes more stable with increasing the viscosity pa-
rameter α.
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Figure 2. Top panel displays the influence of the viscosity pa-
rameter α on the growth rate of the thermal mode in a non-
magnetized ADAF with and without the thermal diffusion. In
the bottom panel, the effect of βm on the thermal stability is
shown. Here, we have α = 0.001.
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Figure 3. The growth rate of the acoustic modes of a non-
magnetized ADAF with H˜ = 0.8 and q = 0.99. The solid and
dashed curves are corresponding to the cases with and without the
radial viscous force, respectively. Top panel displays the growth
rate of ADAFs for α = 0.001, whereas in the bottom panel, the
growth rate of ADAFs is shown for α = 0.01. The growth of
unstable acoustic modes is prevented by the radial viscous force.
acoustic modes. We, thereby, confirm that the magnetic
fields and the radial viscous force do not give rise to any
new mode of the instability. Our analysis shows that the
thermal and viscous modes in the ADAFs are always stable
which is consistent with previous findings (WL96; KK13;
KK14). We also find that the radial viscous force and the
disc thickness cannot change the growth rate of the thermal
and viscous modes. Among four modes, the viscous mode
of a magnetized disc is the same as the viscous mode of a
non-magnetized disc. This means that the viscous mode is
independent of βm, whereas KK14 showed that the viscous
mode of an optically thin, advection-dominated disc is mod-
ified in the presence of magnetic fields.
In Figure 1, normalized growth rate of the viscous mode,
Re(σ˜), versus normalized wavelength of the perturbations,
λ/H , is shown for different values of the input parameters.
The red and blue solid curves are labeled by the appropri-
ate viscosity parameters. Our analysis shows that the vis-
cous mode is dependent only on the viscosity parameter and
becomes more stable as this parameter increases. Figure 2
MNRAS 000, 1–?? (2017)
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Figure 4. The growth rate of O-mode of a non-magnetized ADAF
versus α, if λ = 0.4H and q = 0.99. The solid and dashed curves
are cases with and without the radial viscous force, respectively.
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Figure 5. The growth rate of the acoustic modes of a magnetized
ADAF, if H˜ = 0.6, q = 0.99 and α = 0.01. The red and the black
curves are the O-mode and the I-mode, respectively. Each curve
is labeled by the appropriate βm. Growth rate of the O-mode
increases in the presence of magnetic fields.
(top) shows that this parameter has a similar effect on the
growth rate of the thermal mode. In addition to the viscosity
parameter, thermal diffusion and magnetic fields are able to
affect growth rate of the thermal mode. In top panel of Fig-
ure 2, the black dashed line corresponds to the case without
the thermal diffusion. We find that the thermal mode is ex-
cited only in the presence of thermal diffusion. Our results
show that the thermal diffusion has an influence neither on
the viscous mode nor on the acoustic modes. The magnetic
fields are able to modify growth rate of the thermal mode.
Figure 2 (bottom) exhibits that the disc tends to be more
stable when the ratio βm increases. For a given growth rate,
one can find that the curve of thermal mode for a higher ra-
tio βm is shifted toward longer wavelengths. In other words,
the thermal mode has the same growth rate for different
values of βm, if the wavelength of perturbation is different.
We find that the radial viscous force affects only the
acoustic modes of an ADAF. In Figure 3, we display the
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Figure 6. The influence of advection on the stability of a non-
magnetize ADAF for H˜ = 0.6 and α = 0.01. The advection affects
only the acoustic modes.
acoustic modes in a non-magnetized disc with H˜ = 0.8 and
α = 0.001 (top) and 0.01 (bottom). The red and black curves
are the O-mode and I-mode, respectively. The cases with
and without the radial viscous force are illustrated by solid
and dashed curves, respectively. In the explored cases, the
I-mode is found to be always stable. The previous works
also showed that the I-mode in an ADAF is stable (WL96;
KK13). In the short-wavelength limit, the O-mode can also
be stable. Although the O-mode in a case with α = 0.001 is
unstable at almost all wavelengths, this mode for α = 0.01
is unstable in long-wavelength limit. Note that WL96 and
KK13 have found stable O-mode in ADAFs.
Figure 3 shows that the presence of radial viscous force
causes the curves of the growth rate of acoustic modes to
shift toward a longer wavelength when a given growth rate
is studied. This force leads to a lower growth rate and to
a more stable disc. A similar trend has also been found by
Wu et al. (1994) for the O-mode in a polytropic disc. The
normalized growth rate of the acoustic modes, Re(σ˜)/α,
in our work is larger than finding of Wu (1997) for the
same input parameters which means that our O-mode is
more unstable. The difference is mainly due to the fact that
Wu (1997) considered a two-temperature disc with differ-
ent heating and cooling functions. Our results show that
the influence of the radial viscous force on the growth rate
of the acoustic modes depends on the perturbation wave-
length. In the short-wavelength perturbation limit, the in-
fluence is stronger comparing to the long-wavelength per-
turbation case. More precisely, the effect of radial viscous
force can be negligible at long wavelengths. The change in
the viscosity parameter α can also affect the influence of this
force. For higher values of α, the effect of the radial viscous
force is more stronger and the O-mode becomes more stable
at longer wavelengths. This trend is illustrated in Figure 4
which shows that growth rate has a much steeper slope in
the case without the radial viscous force.
The influence of the ratio βm on an ADAF with H˜ = 0.6
is illustrated in Figure 5. The acoustic modes in a magne-
tized disc have higher growth rates. Thus, the O-mode in
the ADAFs with a strong magnetic field is more unstable.
Although this mode can be unstable in the long-wavelength
MNRAS 000, 1–?? (2017)
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Figure 7. The thermal mode of a non-magnetized slim disc with
H˜ = 0.6. Top panel shows growth rate of this mode versus wave-
length of the perturbation for different values of the viscosity pa-
rameter. Bottom panel exhibits growth rate of the thermal mode
at a given wavelength λ = 0.4H as a function of the viscosity pa-
rameter. Here, the solid and dashed curves are corresponding to
the cases with and without the radial viscous force, respectively.
For higher values of α, the thermal mode is more unstable when
the radial viscous force is considered.
limit, KK14 showed that the O-mode is stable for different
values of βm. Comparison of Figures 3, 5 and 6 shows that
the acoustic modes also depend on the values of H˜ and q.
The growth rate of the O-mode decreases as a disc becomes
thicker. We find that the parameter q can only affect the
acoustic modes. In a case with a significant advection, the
departure of the acoustic modes becomes higher and the
growth rate of O-mode is enhanced.
3.2 Stability analysis of the slim discs
In the radiation-dominated slim discs, we have β = 0 and
γ = 4/3. In this case, the viscous mode is always stable and
is dependent only on the viscosity parameter. We find that
the stability properties of this mode is independent of the
disc optical depth and its growth rate is similar to that of
an optically thin disc. The optical depth of disc, however,
strongly affects the stability properties of the thermal mode.
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Figure 8. Growth rate of the thermal mode of a magnetized slim
disc versus perturbation wavelength for H˜ = 0.6 and α = 0.001.
Each curve is marked by the corresponding value of βm. The
thermal mode becomes stable once the ratio βm is larger than
0.5.
Figure 7 displays growth rate of the thermal mode as a func-
tion of the perturbation wavelength (top), and of viscosity
parameter at a given wavelength λ = 0.4H (bottom). In top
panel of Figure 7, the red and the blue curves are the ther-
mal mode for α =0.001 and 0.01, respectively. Growth rate
of this mode decreases rapidly with increasing the pertur-
bation wavelength. We also find that the thermal diffusion
only affects the thermal mode. A similar trend has also been
found in ADAFs. Figure 7 (top) shows that in the absence
of the thermal diffusion (the black dashed curve), TI is sup-
pressed which is in agreement with the previous studies (e.g.,
WL96). Furthermore, growth rate of the thermal mode is
enhanced with increasing the viscosity parameter. Although
the radial viscous force in a slim disc with α = 0.001 and
0.01 is unable to significantly modify the thermal mode, Fig-
ure 7 (bottom) shows that this mode is more unstable in the
presence of radial viscous force and for higher values of α.
Our analysis, therefore, shows that thermal mode of a non-
magnetized slim disc is always unstable and the presence of
radial viscous force implies a higher growth rate.
Role of the magnetic fields on the thermal mode is ex-
plored in Figure 8 which shows growth rate of this mode
as a function of the perturbation wavelength. Each curve is
labeled by the corresponding value of βm. The curve of ther-
mal mode shifts toward shorter wavelengths with increasing
the ratio βm. Contrary to the finding of KK14, we find that
the thermal mode is still unstable for βm = 0.3. Our analy-
sis, however, suggests that the disc will be thermally stable
if the ratio βm exceeds a value around 0.5. We also find
that disc thickness and advection parameter are not able to
modify growth rate of TI.
We find that the thermal and acoustic modes are af-
fected by the radial viscous force and the magnetic fields.
For our adopted viscosity parameter, the effect of radial vis-
cous force on the acoustic modes, in comparison to the other
modes, is more significant. In Figure 9, the acoustic modes
of a non-magnetized disc are shown for H˜ = 0.8, q = 0.99,
α = 0.001 (top), and α = 0.01 (bottom). The solid and
dashed curves are corresponding to the cases with and with-
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Figure 9. Growth rate of the pulsational instability as a func-
tion of perturbation wavelength in a non-magnetized slim disc
with H˜ = 0.8 and q = 0.99. The solid and dashed curves
are corresponding to the cases with and without the radial vis-
cous force, respectively. Top panel displays the growth rate for
α = 0.001, whereas in the bottom panel, the growth rate is shown
for α = 0.01. The presence of radial viscous force causes the O-
mode for α = 0.01 to be stabilized at almost all wavelengths.
out the radial viscous force, respectively. In agreement with
the finding of KK13 for a slim disc, we also confirm that the
I-mode is stable at all wavelengths. Although KK13 found
that the O-mode in a slim disc is stable, our analysis shows
that this mode can be unstable. The O-mode of a slim disc
becomes unstable at a longer wavelength comparing to an
ADAF. The radial viscous force also causes the growth rates
of the acoustic modes in both optically thick and thin discs
to decrease. So, the radial viscous force has a stabilizing role
on the acoustic modes, especially at the short wavelengths.
Figure 10 shows the viscosity parameter dependence of the
growth rate of the O-mode for a given wavelength. This de-
pendence is more significant for large values of α and it is is
similar to what we have already obtained for the ADAFs.
Effects of the magnetic fields and the advection param-
eter on growth rate of the acoustic modes are illustrated in
Figures 11 and 12, respectively. In the presence of magnetic
fields, the acoustic modes grow faster. This effect becomes
more significant as the ratio βm increases. If βm increases,
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Figure 10. Growth rate of the O-mode in a non-magnetized slim
disc versus α for λ = 0.4H and q = 0.99. The solid and dashed
curves are cases with and without the radial viscous force, respec-
tively. For higher values of α, the influence of the radial viscous
force becomes stronger.
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Figure 11. Growth rate of the pulsational instability versus per-
turbation wavelength in a magnetized slim disc for H˜ = 0.6,
q = 0.99 and α = 0.01. The red and the black curves are the
O-mode and the I-mode, respectively. Each curve is labeled by
the appropriate βm.
the departure of the two acoustic modes becomes more sig-
nificant. We also find that the changes of growth rate of the
acoustic modes for a slim disc due to the magnetic fields is
less than that for an optically thin disc. One can also see
that a thicker disc has a lower growth rate. Note that the
pulsational instability in thicker discs with α = 0.01 and in
discs with lower advection parameter is nearly damped.
4 SUMMARY AND DISCUSSION
In this paper we investigated the local stability of the
advection-dominated discs with a toroidal magnetic field and
the radial viscous force. Using a linear perturbation method,
we found that the presence of magnetic fields and this force
cannot introduce any new mode of the instability. Our re-
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Figure 12. The influence of the advection on the stability of a
non-magnetize slim disc for H˜ = 0.6 and α = 0.01. Only the
acoustic modes in a slim disc are affected by the advection.
sults show that the viscous mode is always stable and is
independent of the optical depth, the advection parameter,
the magnetic field, the disc thickness, and the radial vis-
cous force. However, the growth rates of this mode and of
the other modes are strongly dependent on the viscosity pa-
rameter. When this parameter increases, the growth rates
of acoustic modes are reduced, whereas Wu et al. (1994)
showed that the growth rates of these modes rapidly increase
with the viscosity parameter. In addition to the dependence
of growth rate of the thermal mode on the viscosity param-
eter, the growth rate of the thermal mode in the slim discs
decreases rapidly with increasing perturbation wavelength.
We also showed that in the absence of thermal diffusion, TI
can be disappeared.
Our numerical calculations suggest that the stability
properties and the growth rates of all modes except the vis-
cous mode can be affected by the optical depth. When the
disc is optically thin, only the O-mode can be unstable. If
the disc is assumed to be optically thick, we found that both
the O-mode and the thermal mode are unstable. The growth
rates of acoustic modes are not same for cases with different
optical depth. Note that the I-mode is always stable. The
influence of the radial viscous force on the thermal and the
acoustic modes is also dependent on the optical depth of
disc. This force can affect the thermal mode of a slim disc
and the acoustic modes of ADFs and slim discs. We found
that the radial viscous force tends to stabilize the pulsational
instability, while it causes the growth rate of TI of a slim disc
to increase by a factor of two for α = 0.1. These findings can
be explained using energy dissipation of the wave propaga-
tion. We also showed that the influence of the radial viscous
force becomes less significant when the wavelength of the
perturbation increases.
The magnetic fields can also play an important role
in the stability properties of the thermal and the acoustic
modes. We found that the slim discs are still thermally un-
stable when the ratio of magnetic pressure to total pressure
is equal to 0.3, which is not in agreement with previous re-
sults. But if this ratio has a value around 0.5 or even greater,
then the magnetic field can conspicuously suppress TI. So,
TI of an optically thick disc can be suppressed due to the
presence of a strong magnetic field. Growth rate of the O-
mode, however, is increased because of the magnetic fields.
We found that the maximum growth rate of an optically
thin disc is enhanced by about of factor 2 compared to the
non-magnetized mode, while the maximum growth rate of
an optically thick disc is about 25% higher.
As mentioned earlier, the viscosity parameter, the ther-
mal diffusion and even the radial viscous force play signif-
icant roles in the stability properties of the thermal mode.
These quantities can significantly affect heating of the disc
and eventually lead to an increase in the temperature.
Hence, the disc loses its thermal equilibrium and becomes
thermally unstable. The thermally unstable discs undergo
a limit cycle which can explain the periodic outbursts of
the cataclysmic variables and certain observational features
of X-ray transients. The thermal instability can cause the
time variations (not only X-ray fluctuation but also peri-
odic light variation) of an accretion disc around a BH. The
microquasar GRS 1915+105, for example, displays variabil-
ity which seems to be well interpreted as an outcome of the
thermal instability of a radiation-dominated disc. Of course,
some of X-ray binaries with luminosities within the range
0.06LE ≤ L ≤ 0.5LE display very little variability and prob-
ably they are stable (e.g., Done et al. 2007). In the light of
our findings one can expect that stability of theses systems
may be due to the presence of strong magnetic fields.
We also suggest that the inertial-acoustic instability of
an advection-dominated optically thin or thick disc may ex-
plain the higher frequency QPOs in BH candidates. The-
oretical arguments show that pulsation period in the X-
ray binaries and AGNs is about ≃ α−1ΩK−1 = 4.5 ×
10−4α−1(M/M⊙) s (Fan et al. 2008). For α = 0.1 and
M = 10M⊙, therefore, the obtained period is about 0.045 s
which is too short to be compared with the observed fre-
quencies (3 − 10 Hz) of the QPOs. Although our results
show that radial viscous force may increase the period based
on the O-mode, this increment does not give a value consis-
tent with the observations. In the magnetized case, on the
other hand, we found that the period increases by a factor
of about three for α = 0.1. The corresponding frequency,
thereby, becomes approximately 7 Hz which is within the
observed interval. We, therefore, speculate that the pulsa-
tional instability of a magnetized advection-dominated disk
may explain the QPOs observed period in the X-ray binaries
and AGNs.
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